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ABSTRACT 

We wish to present some results concerning a 
collection of B-spaces which, on the one hand, have a 
nice characterization in terms of finite-dimensional 
epacectand on othe ciner hand are (in the .separable case } 
isomorphic to complemented subspaces of Lpto,1J 

In chapter 0 we collect together known results 
concerning these t5-spaces and introduce some necessary 
notation. We sometimes will give short heuristic 
PidLeations of iporenrhe.. 

Our first chapter concerns the process of direct 
summing of io-spaces in order to form (possibly new) 
Jo-spaces. The results obtained are of a negative 
nature and indicate that there is probably only one 
Way e.O NOim an intinite direct. sum inorder to get a 
So-space. 

Chapter 2 deals with tensoring £y) and £9 spaces and 
completion with respect to an appropriate norm. 
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In the final chapter we determine the isomorphism 
types of the closed linear spans of subsequences of the 
Haar system in Lylo,1] DOW er ore con errs: Snow 
that lp and L,t0,1] are the only possipilitves. 

There are many open problems in this area of analysis 
and we will ask questions , when appropriate , which we 
feel would be important and useful if solved. There is 
still very much to do; an oi ie. OF this Comes 1 rom 
ties tact that there “are at this writing only 9 known 
isomorphic types of separable infinite-dimensional 
fp-spaces PO Reo aco, eee 2a It is not even known 
i wee niumMoer Ss rilnite Of Now.  JnOWsNG cid. oWwoO Spaces 
are 2SOmMOrohic or Hot rseeven more dafiicult inan 


COMSTLUCT LON Of new Spaces . 
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CHAPTER O 
PRELIMINARIES. 

We gather here known results concerning ‘Sp-spaces. 

These were introduced in 1968 by J. Lindenstrauss 
and A.Pelezynski: the lion's share of results since then 
have been obtained by them and by H.P. Rosenthal. 

We start with basic notation and definitions. 
Definition 1 Unless otherwise specified, all subspaces 
aresdssumed to be closed, 

Definition 2 We say two B-spaces xX and Y are 
MeOMOronlGidnd write “ Ki~ Voit there as a linear 1) 1 
Mapu sou Ne Ont Ome eewl tn eel sarc ee ede Vane 


In such a case we get: 


TES xi] |hOxlh <abtlbelbcl “fcr taliisxex ; 


| 


The constants neal and ||T\l above are an 
indication of how close the mapping T is to being an 
isometry. 

Definition 3 We define the distance d(X,Y) between 


two B-spaces X and Y as follows: 
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fiex ands Y are not ever isomorphic pul d(xyv )e= co . 
EEX vey Ss wee. let 
al Srg a meeaeeaye {|| TI \hameal| [ei cman tsomorpnvcmeon © 46 OIttO, = yn} 
Of course this does not define a metric but these properties 
are easily seen to hold: 
1 < d(X,¥) <0 
Oe ee Bileeite x ands! areeicometric 
Ge = GIA elNaae 
Hence dlog d(X,Y) is a pseudo-metric. However dU Xey) 
is easier to work ew SO we do So. 
Definition 4 ly Cie eo Mandan jas ler wr —space 
X is called a_ Sp,i-space if for every finite-dimensional 
Subspace E of X there is a finite-dimensional subspace 
Pesci XX with Fc sais d(F,1,) <} where n= dimF . 
Wesay X is a fp-Space if 1% 15 a {p,\-sSpace for 
SOMea thi tee). 
HeUriciically, <i Ssduetp-sCaGen) Peiyenas Subcpaces 
uniformly close to te Spaces "embedded everywhere". 
This is a property enjoyed by Lp(u) spaces so the 


concept of Sp-spaces generalizes Lp(u) spaces. One of 
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the early known results shows how deep the link is: 
Bbetinicion, 5 If Y is a subspace of a B-space X 


we say Y is complemented in X if there is a continuous 
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Mappunde 1s called@a orojection Of X= Onto" Y 

It is well-known (e.g. by closed graph RASS EA) 
that er 15 complemented” Yin =X™ af and*only if there 
Bxrewseano ier subspaces YinaoretX Mwith aYnyet-soa0d, and 
Ko= Y +.Y’ sowWercall suchcamsubspace’ Y/>sascomplement 


forweve@cin 8Xiland usually write “X.= Y @Y". 


@heonem | Le(ifndenstrauss! & Pelezyiskitii).)- Let ~ X 
be@ape=spacesand@ledmel*® <ips<tempandefle=< ) xjoo,; Assume 
that for every finite-dimensional subspace E of xX 
there@isvavsubspaces iE dof 1, withstd(Esel jaadxPelethen 
thereviscalmeasure Mpreand al subspaces Yr oof oLp(w)erwith 
d(X ,Y) < 24 . (We outline the proof: Using the isomorphisms 
EE , one defines an extended real-valued mapping on the 
bounded functions on the undttn batdinodd, xy ):Wel’may apply 


a theorem of Bohnenblust to the subspace of those 
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is Lp(u) for some measure yw. But X can be embedded 
Pi eeoundeg Tuncriens on the unit pall of its dual (evaluation) 
and in fact its image lies inside this newly-found space Lp(u) 


Thegspace Yi.ets £hispimage.of®\ XS;arthetneeded trom 


inequalities easily hold.) 


Theorem 2 LeGeere bea fo. space - Then there is a 
Sea ee ) 


nuebents spacesiH Xwith ed(X;H)r<ip-dimips) 


Theorem 3 Rete pea cand [et 2= Ge an So-Sspace, 
Then X is isomorphic to a complemented subspace of an 


Boeuespace. LelilJ 


Theorem 4) Let '||X>*phe ta ll ee) Space.) en) 4x 1's 
isomorphic to a complemented subspace of an Li( yu) ueeay space 
fre ard only Yt "X= ve*complemented in” X*¥™ 2 747 | 

The above are again due to Lindenstrauss and Pelczydski; 
sone needs only to be more careful in the proof of theorem 1. 

Theorem 5 Let X be a separable Sp-space. Then X is 
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Subspace can be taken to be fae voiae ae eee eh 


This holds because a separable subspace of an Lp(u) 
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Space is isomorphic to a subspace of a separable Lp({w) space 


wre Chest) turn 16 —Vsometmice to a mubspace of . Lp{0,1]. 


Theorem 6 Let l =p em oo.. ,A separable B-space xX is 
isometric to an Lp(u) space for some measure wp if and only 
ee eS a fo, 1te Space fOD Neve hy ees Oe ol 
theorem // De eee oe) an inital e-dimenciona leet space 


Wit eel =O), hen | X nas a complemented subspace 


isomorphic to Nee Lae 


Dacoremes let <yp ey < 20. then EO ,1) is asometric 
Pomemeubspace: of) tplLO.)). Lilt 

a Se kse COON IUStin MCat1 One OrenOu, ac cemp tino O81 in 
all subspaces of Lp{0,1]. On one hand there are too many 
OMEteTeitelSOMmOrpiac types. ale least stom Mou 7). ean on 
PRemO@ er iad, sine Uncomplemented | Supspaces scan possess 
properties which are vastly different from ss eypusrertcatie or 


by the whole space. 
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then we also have 4? se lu. IP 22, Iv IP ‘ 
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(The alteration for p =o is arene) fatal 

This can rule out possible candidates for fp-spaces: 
if a space is not isomorphic to a subspace of an Lp(u) space 
then it cannot possibly be a fp-space. 


Theorem 10 (Lindenstrauss & Rosenthal [12].) 
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Sp- space "and "only ite" KX" His? a £,-space “ 
Theorem ll (Iamdenstrause & Rosenthal [19].) 
eee et eee Seo COMP LeEMented subspacemor 
a §p-Space then either X isa S§p-space or X is 
isomorphic to Hilbert space. If X is a complemented 
-subspace of a OS) Space then X is 4 se) space. 

Gomo ining ei neonemn > with theorems tiswe sees thar the 
problem of finding He nalebge pate types of separable fp-spaces 
(1 <p <oo) is the same as classifying isomorphic types 


of the complemented subspaces of Lp[0,1] other than 1, - 
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CHAPTFR 1 
SUMMING OF aS SPACES 

We saw in Chapter O that the direct sum (or product if 
you, prefer) ;of two..Sp-spaces or of a gp anda S. Space 
was again a fp-space and that an infinite direct p-sum 
oTeEelthenr la, Sp. torea {5 space was a §p-space. 

We investigate here in what ways the infinite sum of 
a fp or £, space can be normed so as to produce a 
Sp space. We show that we must use an unconditional basis 
for some fgp-space which contains no copy of 1, : 

It is illuminating to realize that all the known separable 
fp-spaces are obtained by a p-summing process applied to 
the spaces: LortooX, »Lpl0, 1] (either 2 or an infinite number 
at a time). 

We start with some basic definitions: 
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the positive integers.) 
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closed linear span. 

We will write [x,] for the closed linear span of 
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eto remind us that we are dealing with the closed linear 
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there is a new norm on (x; ] » equivalent to the original 
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CHAPTER 2 


TENSORING OF Sp AND SPACES 
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In this chapter we consider tensor products of 


Sp-spaces and of a §p-space and 1 We show that if the 


> ° 
tensor product is appropriately normed and then the 
completion taken with respect to this norm then the result is 
always a fp-space. 

The definition of tensor product of linear space is 
too well-known to state. The famous memoir by Grothendieck 
gathers together much of what is known about tensor 
products of B-spaces. 
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Che Morn Ot atearcbitirary element of this gensor oroduct; 
it is, however, easy to see that the completion under the 
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S. Chevet [4] has introduced a norm on arbitrary 
tensor products of B-spaces; she has shown that this norm 
De equivalent to the’ norm von L [0,1] @ ot Coed inherited 
from the norm of Ly, of the square. This norm has the 
benefit that certain computations are easier to make. 

In addition, it generalizes certain cross-norms considered 


by Grothendieck and Saphar. 
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CHAPTER 3 


SUBSEQUENCES OF THE HAAR SYSTEM IN L [0,1] 


In this chapter we deal with the classification of 
the isomorphic types of closed linear spans of subsequences 
of the Haar system in L, [0,1] AG di Gibe Pa foe Paice) 8 

Di uGeuSaar Partial result in@ tne mirection of erinding 
all separable fgp-spaces (1 < p <o%) with unconditional 
Dass meine tact, finding all) those awith unconditional pacis 
and complement with unconditional basis is the same problem 
as that of determining the isomorphic types of subsequences 
of arbitrary unconditional bases for L [0,1] alae oo) aes 
Since the Haar system is in a sense the most meager basis 
for L [0,1] 7 Ua SeaenatUnal estartimguponn ama. 
that by the results of [6], all sp-spaces have bases. 

It is our feeling that all separable Sp-spaces for 
1 <p <© will be recovered by looking at complemented 
risers with respect to the Haar system. Hence, a result 
concerning subsequences seems a good beginning. 

The Haar functions on the unit interval are usually 


defined as follows: 
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the biorthogonal functional associated with the ee 
function is simply integration with respect to the 


Haar function. tFor our purposes, however, it is 


CONVeNnL ent tO Naves these. functions nmormaliazeduwith 


supremum norm as above. 


te is well-known that the Haar functions torm an 
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We now state some well-known properties of unconditional 


basic sequences and some properties of a and Lofo5l3 


which we will use. 
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Lemma 1 If {x, } 1S an unconditional basic sequence and 


{x5 } a subsequence, then the map P 
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fact an upper bound can be given for the norms of such 
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unconditional basic sequence, ly; ] is complemented in 


X and the correspondence es Wa) defines an isomorphism [2] 
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Lemma 4 A closed sublattice of Lt0,1] is complemented 
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We are now ready to state and prove: 


Theorem: Let {x. } be a subsequence of the Haar system. 
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Proof: 
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The set A is clearly measurable. 
We show that: 
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We will show that X is a complemented subspace of 
a Space Vsometric %6 1, anc appeal ito Lemma om ee Ls 
clearly infinite-dimensional since it arises from a sub- 
sequence (infinite) of a basic sequence.) 

Pars tinpeiy Vs) clear the ui! (Sasa sequence of 
mutually disjoint measurable sets with yu({[0,1J - u S.) = 0 
and X | S Lote TesturiCuLon Of SOM *ros tiie set Sy then 
( SS x Srl is a subspace of L,[0,1] which contains 
xX’. ihe space X ‘is clearly complemented in any such 
Spaces py restwiction off the projection of L. [0,1] onto 
X given in Lemma l. 

We will now choose sets {s_} with the above properties 
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on each one. 
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the support of a function equal ae to a Haar function. 
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What we have really done is split up the sequence into 
a countable number of subsequences so that supports of 
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There is, of course, no problem with convergence since 
in all cases we are taking disjoint sums of functions with 
absolute value l . 
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